Abstract: This paper is the following up of our work on coassociativity breaking and oriented graphs. Firstly, we show that there exists a left-structure on Sl q (2) which is also a Hopf algebra and which is entangled by the coassociativity breaking equation to the usual one. Secondly, we show that the n 2 -De Bruijn oriented graphs, viewed as Markov co-dialgebras, can be paved by n oriented graphs, viewed as coassociative coalgebras.
Introduction

L-coalgebras
To unify the oriented graphs framework, even equipped with a family of probability vectors, with coassociative coalgebra theory, we are led to introduce the notion of L-coalgebra over a field k [1] , i.e. a k-vector space equipped with two coproducts ∆ and∆ which obey the coassociativity breaking equation (∆ ⊗ id)∆ = (id ⊗ ∆)∆. If ∆ =∆, the L-coalgebra is said degenerate. Moreover a L-coalgebra can have two counits, the right counit ǫ : G − → k which verifies (id ⊗ ǫ)∆ = id and the left counitǫ : G − → k, which verifies (ǫ ⊗ id)∆ = id.
One of the interests of such a formalism is to describe oriented graphs, equipped with a family of probability vectors or not, thanks to their coproducts instead of the classical source and terminus mappings and to view oriented graphs as a geometric support for coalgebras. For building such an oriented graph for each L-coalgebra, we associate with each tensor product x ⊗ y appearing in the definition of the coproducts an oriented arrow x − → y. For instance, here is the oriented graph associated with Sl q (2). Example 1.1 [Sl q (2)] The well-known coassociative coalgebra structure of Sl q (2) is:
The associated oriented graph is G(Sl q (2)): With the following algebraic relations, we can embed this oriented graph into a Hopf algebra [5] [4] . ba = qab, ca = qac, dc = qcd, db = qbd, bc = cb,
where q is an invertible element of the field k. The antipode map is described by the linear map S which maps a → d, d → a, b → −qb and c → −q −1 c.
Definition 1.2 [Markov L-coalgebra]
A Markov L-coalgebra C is a L-coalgebra such that for all v ∈ C, ∆v = i∈I λ i v ⊗ v i and∆v = j∈J µ j v j ⊗ v, with v i , v j ∈ C, λ i , µ j ∈ k and I, J are finite sets.
Such a structure reproduces locally what we have in mind when we speak about random walks on an oriented graph if the scalars are positive and the right counit v → 1 exists 2 .
A L-bialgebra is a L-coalgebra and a unital algebra such that its coproducts and counits are homomorphisms. A L-Hopf algebra is a L-bialgebra with right and left antipodes S andS verifying (id⊗S)∆ = 1·ǫ and (id ⊗S)∆ = 1 ·ǫ.
Example 1.3 [The 2-Bruijn graph]
0 0 1 1 00 00 00 11 11 11
With the 2-De Bruijn graph, we associate its natural Markov L-coalgebra by defining:
Example 1.4 [Unital algebra] Let A be a unital algebra. A carries a non trivial Markov L-bialgebra called the flower graph with coproducts δ(a) = a ⊗ 1 andδ(a) = 1 ⊗ a, for all a ∈ A. We call such a Markov L-coalgebra a flower graph because it is the concatenation of petals: Defining x 0 ≡ i, x 1 ≡ j, x 2 ≡ k and adding subscripts α, β ∈ {0, 1, 2} mod 3 i.e. x α+β ≡ x (α+β)mod 3 , we define, ∆x α = x α ⊗ x α+1 , ∆1 =∆1 = 1 ⊗ 1,∆x α = x α−1 ⊗ x α . They embed the oriented triangle graph into a Markov L-coalgebra with counits. It is used to embed the quaternions algebra or M 2 (k), i.e. the algebra generated by the Pauli matrices into a Markov L-Hopf algebra (of degree 2), see [1] .
We recall that the sequence, ∆ 1 ≡ ∆, ∆ 2 = id ⊗ ∆, ∆ 3 = id ⊗ id ⊗ ∆, . . ., generates all possible (random) walks starting at any vertex. Similarly, The sequence of powers of∆, generates all the possible (random) walks arriving at a given vertex.
In section 2, we display the notion of co-dialgebra and define the De-Bruijn graphs. We prove that the 2-De Bruijn graph, viewed as a Markov co-dialgebra, yields, by extension, the geometric support for the coassociative structure of Sl q (2). We display the relationships between the markovian coproduct of the 2-De Bruijn graph and the coassociative coproduct of Sl q (2). In section 3, we prove the existence of another structure associated with Sl q (2). This structure is also a coassociative coalgebra. Moreover the usual algebraic relations of the algebra Sl q (2) embed this new structure, called by convention the left structure, into a bialgebra. By showing the existence of a new antipode map, we proved that this left structure is a Hopf algebra. As the two structures are entangled by the coassociativity breaking equation, we conclude that Sl q (2) is a L-Hopf algebra. Moreover, the gluing of their two oriented graphs yields the 4-De Bruijn graph. Since the intersection of these two sets is empty, we assert that the 4-De Bruijn graph can be paved by the geometric supports of the L-Hopf algebra Sl q (2). We finish this work, in section 4, by showing that the n 2 -De Bruijn graph can also be paved with n coassociative coalgebras. As in this setting, the notion of algebraic product is not required, we end this paper by showing the existence of a Leibnitz co-derivative on these oriented graphs, a notion which will be necessary to deal with discrete manifolds from a graphical point of view.
On De Bruijn graph families
To introduce the following section, we recall that in [1] , we showed that the description of a random walk on an oriented graph and the definition of a coassociative coalgebra are equivalent at the level of axioms.
Indeed the explicit form of their coproducts allowed us, in both cases, to construct two new coproducts, so-called Ito derivatives which verified the coassociativity breaking equation. However, in the case of a coassociative coalgebra, these coproducts are defined on the vertex set whereas in the case of a Markov L-coalgebra they are defined on the arrow set. This observation will explain the necessity of studying the extension of oriented graphs, a notion defined in the sequel.
Coassociativity breaking and extension of oriented graphs.
The aim of this subsection is to show that the De Bruijn oriented graphs, seen as Markov L-coalgebras are also co-dialgebras. Moreover when we consider the extension of these oriented graphs, we recover the coalgebra structures associated with some coassociative coalgebras. We start by two definitions.
Definition 2.1 [De Bruijn graph]
A n-De Bruijn graph is an oriented graph with n vertices which are fully connected, i.e. any vertex is linked to all others, including itself.
Definition 2.2 [Extension]
The extension of an oriented graph G, with vertex set J 0 = {j 1 , . . . , j n } and edges set A 0 ⊆ J 0 × J 0 is the oriented graph with vertex set J 1 = A 0 and the edges set
It will be denoted E(G).
First of all we recall that a dialgebra is a notion due to Loday [3] . Here we are interested in the notion of co-dialgebra.
. D is said a co-dialgebra of degree n if the following axioms are verified:
Remark: The last equation is called the coassociativity breaking equation in [1] . A co-dialgebra of degree 1 is called also a co-dialgebra.
Example 2.4 [The flower graph]
Let A be an unital algebra. We know that A carries a non trivial L-bialgebra called the flower graph with coproducts δ(a) = a ⊗ 1 andδ(a) = 1 ⊗ a.
Proposition 2.5 Such a Markov L-bialgebra is also a co-dialgebra.
Proof: As δ (1) =δ (1), we verify that these two coproducts are coassociative. The other axioms are straightforward.
Remark: We can obviously obtain from a co-dialgebra a dialgebra. We consider the set of linear maps L(D, B) which maps D into an algebra B equipped with a product m. L(D, B) is then embedded into a dialgebra by defining for all f, g ∈ L(D, B), the two products f ⊣ g := m(f ⊗g)∆ and f ⊢ g := m(f ⊗g)∆.
Theorem 2.6 Any coassociative coalgebra C, bialgebra, Hopf algebra can be viewed as a L-coalgebra of degree n, L-bialgebra of degree n, L-Hopf algebra of degree n, with n > 1.
Proof: Fix n > 1. Consider ∆, the coproduct of such a coassociative coalgebra. Set:
. ∆ n and∆ n map C ⊗n into C ⊗n+1 and the coassociativity breaking equation is realised. We notice that the two new coproducts are coassociative.
The new counits are ǫ :
If the counit and the coproduct of C are unital homomorphisms, so are the new coproducts and counits. If C is a Hopf algebra with antipode s, by defining the antipodes S :
Remark: The L-coalgebras of degree n of the theorem 2.6 are not, in general, of markovian type.
Theorem 2.7 If n = 2, any coassociative coalgebra C, bialgebra, Hopf algebra can be viewed as a co-dialgebra of degree 2.
Proof: Straightforward by using the definition of ∆ 2 and the fact that ∆ is coassociative.
Proposition 2.8
The coproducts of the Markov L-coalgebra G associated with the n-De Bruijn graph define a co-dialgebra of degree 1.
Proof: The coproducts are coassociative and map the Markov L-coalgebra G into G ⊗2 . The other axioms are straightforward. There is a right counit ǫ which maps each vertex into 1 n for the coproduct ∆ and a left counitǫ which maps each vertex into 1 n for the coproduct∆.
Proposition 2.9
The extension of the n-De Bruijn graph can be equipped with a coassociative coproduct.
Proof: Let us denote the edge emerging from a given vertex i, with i = 1, . . . , n of the n-De Bruijn graph G n by a ij . The new vertex of the extension of G n is denoted by a ij and the edges are denoted by ((ij), (jk)). By denoting ∆a ij = l a il ⊗ a lj , this coproduct is coassociative and the graph associating with the coassociative coalgebra ({a ij } (i,j=1,...n) , ∆) is easily seen to be E(G n ). It has an obvious counit, a ij → 0 if i = j and a ij → 1 otherwise.
Corollary 2.10
The extension of the 2-De Bruijn graph can be equipped with the coassociative coproduct associated with the Hopf algebra Sl q (2).
Relationships between 2-Bruijn L-coalgebra and Sl q (2)
The aim of this subsection is to study the relationships between the 2-Bruijn oriented graph G 2 , seen as a Markov L-coalgebra, and its extension seen as a coassociative coalgebra. Let X, Y be two non commutating operators, we consider the non commutative polynomials algebra A = C X, Y . We set A unital with unit 1 and XY = η Y X, with η ∈ C * . We equip A with the following Markov L-coproducts
We would like to find operators which would yield the coassociative coproduct of Sl q (2) from the co-dialgebra G 2 . For that, we define
If we define the bilinear map ·; · * :
* . Now define the following linear maps:
where the undeterminates stand for X and Y and τ for the transposition map. Define also · ; · :
Now we can express the relations between markovian coproducts of the 2-De Bruijn oriented graph and the coassociative coproduct of Sl q (2).
We can also recover the algebraic relations of the matrices of M q (2), with q-determinant equal to zero. They obey the same relations of those of Sl q (2) except for the q-determinant which is equal to zero, i.e. ad − q −1 bc = 0 instead of one. For checking the algebraic relations, we contract the arrows a, b, c, d
, thanks to the usual product of A, (recall that such a product maps the arrow set A ⊗2 into the vertex set A, and can be viewed as a contraction of an arrow).
Proposition 2.12
With XY = ηY X, we obtaināb = η 2bā ,cb =bc,āc = η 2cā ,ād = η 2bc ,bd =
, and so on. By setting η 2 = q −1 , we recover the usual algebraic relations for Sl q (2), except the q-determinant which is equal to 0.
From the 2-De Bruijn oriented graph, whose Markov coproducts define a co-dialgebra, we can recover the structure of the bialgebra Sl q (2). The antipode map can be also recovered by gluing the vertices of the oriented graph of Sl q (2) in such a way to obtain the 2-De Bruijn graph, i.e. by gluing a with d and b with c.
We finished this section with the following theorem. Theorem 2.13 Let B be a Markov co-dialgebra with coproduct∆ and ∆. Let C be a coassociative coalgebra with coproduct ∆ C . Then B ⊗ C, is a co-dialgebra with coproduct δ B⊗C := (id ⊗ τ ⊗ id)∆ ⊗ ∆ C andδ B⊗C := (id⊗τ ⊗id)∆⊗∆ C . Notice also that C⊗B is a co-dialgebra with δ C⊗B := (id⊗τ ⊗id)∆ C ⊗∆ andδ C⊗B := (id ⊗ τ ⊗ id)∆ C ⊗∆ .
Proof: Obvious.
The left part of Sl q (2)
The aim of this section is to prove that there exists a coassociative coproduct∆ on the oriented graph of the Hopf algebra of Sl q (2) which verifies the coassociativity breaking equation and which embeds this new coassociative coalgebra into a new Hopf algebra. By convention, we call such a coalgebra structure the left part of Sl q (2). Its associated oriented graph is: 
Remark: In [1], we defined a matrix product U⊗W , where U, W are two matrices and (U⊗W ) ij :=
the operation, , meaning here the permutation of the two columns, we can recover the definition of the two coproducts. Indeed, (U⊗U ) ij := k U ik ⊗ U kj := ∆U ij yields the right coproduct, and the left coproduct∆ can be recovered by computing Ũ⊗Ũ .
Remark: By defining the linear mapǫ : Sl q (2) − → C, by :
we obtain a counit map which satisfied, (ǫ ⊗ id)∆ = (id ⊗ǫ)∆ = id.
Theorem 3.1 The new coproduct∆ is coassociative and verifies the coassociativity breaking equation
Moreover the two coproducts verifies also (∆ ⊗ id)∆ = (id ⊗∆)∆.
Proof:
The coassociativity is straightforward. The proof of the two equations are also straightforward by using the matrix product defined above.
Remark: The axioms of the co-dialgebras are not satisfied. Here is an example of L-coalgebra which cannot be thought in terms of Markov L-coalgebras. We call this new structure the left part of Sl q (2).
Definition 3.2 [Chiral]
Let G be a L-coalgebra with right coproduct ∆ and left coproduct∆. We will say that G is chiral iff (∆ ⊗ id)∆ = (id ⊗ ∆)∆ and (∆ ⊗ id)∆ = (id ⊗∆)∆. That is the coassociativity breaking equation differentiates the left from the right.
Remark: In the theorem 3.1, the coassociativity breaking equation is verified, even by inverting the rôle of the left and right coproducts. We can said that Sl q (2) is an achiral L-Hopf algebra, since the left and right structures are entangled by the coassociativity breaking equation which do not differentiate them.
It would be interesting to construct a chiral L-Hopf algebra, whose each structure is itself a Hopf algebra or a bialgebra and whose left coproduct is discriminated from the right coproduct thanks to the coassociativity breaking equation. We can notice that the two coproducts δ andδ associated with an unital associative algebra A and generating the flower graph 3 embed A into a chiral bialgebra.
Proposition 3.3 The two oriented graphs associated with the left and right coassociative coalgebras obtained from the 2-De Bruijn co-dialgebra, glued together form the 4-De Bruijn oriented graph. Moreover the intersection of these two oriented graphs is empty.
Proof: [The gluing of the left and right part of Sl q (2)] When we glue the oriented graph associated with Sl q (2) with its left structure, we obtain the 4-De Bruijn oriented graph. The emptyness of the intersection of these two graphs is obvious.
Remark: The 4-De Bruijn graph can be decomposed into two sets, whose intersection is empty and whose each of them describes a coassociative structure, these two structures being entangled by the coassociativity breaking equation. Proof: Let us check the antipode property. For that we multiplyŨ by the following matrix
which is the matrix obtained fromŨ by the left antipodeS. We compute
This matrix must be equal toǫ
which is the case since we know that da = 1 + qbc. We obtain the same result if we consider S (Ũ )Ũ . The bialgebra part is tedious but straightforward.
Remark: The L-Hopf algebra Sl q (2) has two coproducts ∆ and∆ which verify the axioms:
1. ∆ and∆ are coassociative.
(∆
. These axioms are invariant by the transformation
Proof: Tedious but straightforward
The last part will be devoted to a generalisation of this section to the n 2 -De Bruijn graphs, with n > 1.
4 Paving the n 2 -De Bruijn co-dialgebra with n coassociative coalgebras
We can generalize the previous procedure to any coassociative coalgebra obtained by extension of De Bruijn graphs viewed as Markov co-dialgebras. Fix n > 1, the number of vertices of the n-De Bruijn graph. We have seen in proposition 2.9 that the extension of such a graph yields a coassociative coalgebra. Moreover the coproduct was given by computing (U⊗U ), where U ij is the vertex associated with the arrow going from the vertex i to j in the n-De Bruijn graph. Define the permutation p which maps j into j + 1 mod n, for all j = 1, . . . , n . Let α be an integer equal to 0, . . . , n − 1. We denote P α (U ), (resp. P −α (U )) the matrix obtained from U by letting the permutation p α , (resp. p −α ) acts on the columns of U , i.e. P α (U ) ij := U ip α (j) and P −α (U ) ij := U ip −α (j) .
Lemma 4.1 Let A, B be two n by n matrices and α be an integer equal to 0, . . . , n − 1. We get P α (AB) = AP α (B) and P −α (AB) = AP −α (B). Thus we obtain, P α (U )U = P α (P α (U )P −α (U )).
Proof:
) ij , which proved the first equality. The sequel is now straightforward.
Remark: This lemma is also valid by replacing the usual product by⊗.
Definition 4.2 [Coproducts]
As P 0 = id, we rename the usual coproduct ∆ by ∆ [0] . Its explicit definition, as we have seen, is closely related to the matrix U . We define also the coproducts ∆ [α] , for all α, by Proof: We define for two matrices A, B the following product A * α B = (P α (P α (A)⊗P −α (B)). If A = B = U the result of such a coproduct will yield the new coproduct. From the straightforward equality A * α (B * α C) = (A * α B) * α C, we obtain in the case where A = B = C = U , the coassociativity equation
To prove that two coproducts obey the coassociativity breaking equation, we have to show that (
Remark: We have showed that in the case of a coalgebra obtained by extension of the n-De Bruijn codialgebra, we can construct others coassociative coalgebras whose coproducts verify the coassociativity breaking equation.
Remark: The counit ǫ [α] , associated with the coassociative coproduct ∆ [α] , is obviously defined by Proof: We call (U ij ) i,j=1,...,n , the vertices of the n 2 -De Bruijn oriented graph. Let prove that the gluing of all the oriented graphs, associated with the coassociative coalgebras defined by the ∆ [α] , yields the n 2 -De Bruijn oriented graph. Every arrow of the n 2 -De Bruijn oriented graph can be described by U ik ⊗ U lj , with k, l, i, j = 1, . . . , n. As the permutation is one-to-one, there exists an integer α such that p The reversal is obvious.
To prove that the intersection between the oriented graphs associated with the coassociative coalgebras are empty, we fix α and β two different integers. We show that no arrow defined in the coproduct ∆ [α] is present in the definition of the coproduct of ∆ [β] . This is obvious because the permutation p β−α has no fixed point.
Remark: n-De Bruijn co-dialgebra
We have proved that we have realised a decomposition of the n 2 -De Bruijn oriented graph by n coassociative coalgebras, i.e. we have paved some oriented graphs by coassociative structures.
As in L-coalgebra theory, the notion of algebraic product is not assumed, it is necessary to study the notion of coderivation on oriented graphs. We conclude this section by a propositon on the Leibnitz coderivation and an example applied on Sl q (2). As Sl q (2) is a L-Hopf algebra, we yield also a coderivationD for the coproduct∆. We notice that the difference between targets and sources of the arrows, present in the definition of the coproduct∆, gives the same results as for the map D. DefineD = D. A straightforward computation claims that D is also a coderivation with respect to the coproduct∆.
The Hopf algebra Sl q (2), equipped with the usual coproduct, is in fact only the right part of a mathematical object called (achiral) L-Hopf algebra. Many questions arise. Is it true that any Hopf algebra has a left part? How to yield necessary and sufficient conditions from their associated oriented graph ? What is the consequences in knot theory, can we provide other invariants from such structure? By extension of these oriented graphs, we showed that some coassociative coalgebra structures could come from special Markov co-dialgebras whose oriented graphs are called De Bruijn graphs. Except the flower graph, are these Markov L-coalgebras the only markovian examples which give co-dialgebras? Is it possible to construct other Hopf algebras from non markovian co-dialgebras by extension of oriented graphs? This work will be pursued in [2] .
